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Abstract
We give a simple proof of the Uncertainty Principle for ﬁnite nonabelian groups, which generalizes
directly to compact groups.
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1. Introduction
The classical Uncertainty Principle states that a function and its Fourier transform cannot
both be highly concentrated. In quantum mechanics, this has the philosophical implica-
tion that it is impossible to determine a particle’s position and momentum simultaneously
(Heisenberg Uncertainty Principle). Since Fourier analysis is universal, the Uncertainty
Principle has implications in other areas as well, for example in signal processing [1,2] and
analytic number theory [5]. In [1], Donoho and Stark gave a simple proof of the uncertainty
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principle for ﬁnite cyclic groups and Smith [7] extended this to arbitrary locally compact
abelian groups. In this short note, we give a simple proof, using essentially only Fourier
inversion and the Cauchy–Schwarz inequality, of the Uncertainty Principle for ﬁnite non-
abelian groups (see Theorem 2.4). It is also obvious that the proof extends directly to the
case of compact groups once we have the Haar measure. This is indicated brieﬂy in Section
3. In [1], it was stated that the compact case had been established ﬁrst byMatolcsi and Szücs
in [4] by abstract operator-theoretic methods. However, our simple argument is of interest.
2. Uncertainty Principle for ﬁnite nonabelian groups
Let G be a ﬁnite group of order g and let Gˆ= {i : G → GL(Wi), i = 1, . . . , h} be the
complete set of irreducible complex representations ofG, where we may assume each i (s)
is unitary without loss of generality. We also let ni denote dim(Wi), which is the degree of
the representation i . For a complex-valued function f on G, its Fourier transform on Gˆ is
deﬁned by
fˆ ()=
∑
s∈G
f (s)(s). (2.1)
It is well known that we have the following (see [6, p. 49])
Theorem 2.1 (Fourier inversion formula).
f (s)= 1
g
h∑
i=1
niTraceWi
(
fˆ (i )i (s
−1)
)
. (2.2)
Corollary 2.2 (Plancherel formula). For any two functions f, g on G,
∑
g∈G
f (s−1)g(s)= 1
g
h∑
i=1
niTraceWi (i (fg)). (2.3)
Corollary 2.3 (Parseval identity).
‖f ‖22 =
h∑
i=1
ni‖fˆ (i )‖2F, (2.4)
where ‖A‖F =√Trace(A∗A) is the Frobenius norm.
For any complex-valued function f on G, let supp(f ) = {s ∈ G : f (s) = 0}. We deﬁne
supp
(
fˆ
)
similarly. The Uncertainty Principle for a ﬁnite group is
Theorem 2.4. We have
|supp(f )|
∑
i∈supp
(
fˆ
)
n2i  |G|. (2.5)
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Proof. Clearly, we have to sum in (2.2) only those i where i ∈ supp
(
fˆ
)
. Applying the
Cauchy–Schwarz inequality, we get
|f (s)|2 1
g2
∑
i∈supp
(
fˆ
)
n2i
∑
i∈supp
(
fˆ
)
|TraceWi
(
fˆ (i )i (s
−1)
)
|2. (2.6)
By applying Cauchy–Schwarz again to the trace, we obtain
|TraceWi
(
fˆ (i )i (s
−1)
)
|2 = |
∑
k,l
fˆ (i )k,li (s
−1)l,k|2‖fˆ (i )‖2F‖i (s−1)‖2F
= ni‖fˆ (i )‖2F.
The last equality follows since i (s−1) is unitary. So by (2.6) and Corollary 2.3,
‖f ‖2∞
1
g
‖f ‖22
∑
i∈supp
(
fˆ
)
n2i . (2.7)
Inequality (2.5) follows immediately from (2.7) and from the fact that
‖f ‖22 =
∑
s∈G
|f (s)|2‖f ‖2∞|supp(f )|. 
3. Generalization to compact groups
We note here brieﬂy that the proof of Theorem 2.4 carries over step by step to the
case of compact groups. In this case, there is a unique normalized invariant (automatically
biinvariant) Haar measure which makes averaging possible (see [6, p. 32]). The Peter–Weyl
theorem (see [3, p. 126]) states that the irreducible representations are ﬁnite dimensional
with matrix entries which form a complete orthogonal system for L2(G) and Gˆ is discrete.
If the Haar measure is normalized, that is, |G|=∫
G
ds=1, then the Fourier transform (2.1)
is replaced by fˆ () = ∫
G
f (s)(s) ds. The Fourier inversion and the Plancherel formula
(2.2), (2.3) remain valid for f ∈ L2(G), with the right-hand sum interpreted in the sense
of L2 and the left-hand side of (2.3) replaced by the obvious integral. (2.4) carries over,
and since the two applications of Cauchy–Schwarz remain valid, the Uncertainty Principle
(2.5) carries over to any f ∈ L2(G) for a compact not necessarily ﬁnite G.
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